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Chapter

Famous Inequalities

Cauchy—Schwarz Inequality

(S ) <($0)50)

Minkowski Inequality

1 1

L L L
(X xen ) < () + (2w ) sfor pi,

Hélder’s Inequality

1

S (] (Snt) forpd> 1 Lt

q
Bernoulli Inequality

(1+x)>1+mforx>1,r e R\(0, 1). Reverse for r € [0, 1].

(1+x)<1+@Q —1)xforx e [0,1],» € R\ (0, 1).

(1+x)"<

forx € [-1,0],n € N.

forx e [—I,Lj, r>1.

r—1

(1+x) <1+ —"
1-(r=1x

(1 +nx)""'>(1+(m+D)x)" forx e R,n e N.

(a+b)'<d'nb(a+b)" ' fora,b>0,n e N.

P q
(1+£j 2(14-{) for(()x>0,p>¢g>0,
p q

(i) —p <—q <x <0, (ili)) =g > —p > x > 0. Reverse for:
(iV)g<0<p,p>x>0,(v)g<0<p,-p<x<0.
Exponential Inequalities

" " )
ex2(1+£J >1+x, (1+£j Zex(l—x—] forn>1, |x| < n.
n

n n

el
x" X 2
e"ZfoorxeR,and—'+1Sexﬁ(l+—j for x, n> 0.
n! n
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2
X
e>1+x+ ) for x > 0, reverse for x < 0.

v <1 % forx e [0,~1.59] and 2 < 1 — % for x € [0, 1].

1
2—x

1 1
x(x—1)<m(x" —=1)forx,r>1.

<x'<x’—x+1forx e (0, 1).

Y
N . 2
2—y—x"V<l+x<y+te Yand e <x+ e forx,y e R.

xy =

Logarithm Inequalities
x* -1

1

<x—-1,In(x) < n(x”—lj for x, n>0.

X2 e <
X

2x <In(l +x)< -2
24+ x x+1

for x > 0, reverse forx € (-1, 0].

In(+ 1) <In(n) + ~< 35 <Inn) + 1.
n i-1 1

In(1 +x) > gfor x € [0, ~2:51], reverse elsewhere.

2 3
In(1 +x)>x— x? + x? for x € [0, ~0.45], reverse elsewhere.

2 3
In(1 —x)>—x- % + % forx € [0, ~0.43], reverse elsewhere.

Trigonometric Inequalities

3 3
X XCOS X X X .
xX— — <xcosx< — < x3j/cosx <x— — <xcos — <sinx.
2 x 6 NE]

-2
3

Hyperbolic Inequalities

’ o x . (x cosx + 2x) x
<xcos’| —| <sinx < < — -
2 3 sinh x

2

X Cosx <

sinh” x

w

zxSsinxchos d <x<x+ > <tanxall forx e O,E.
e 2 3 2

cosh(x) + o sinh(x) < ex(mij forxe R,a e [-1, 1].
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Algebra

b c d 4
+ + + >—.,
a+2b 2a+b c+2d 2c+d 3

A2.1fa, b, c e N'\ {1}, then: (1-ij[1—ij(1-ij>l.
)T )7

Ald.Ifa, b, c,d € (0, »), then:

.o, . *
A3. If xy, xy, ..., X, are positive real numbers; n € N and 4" - xx5.... x,,= 1, prove that:
n 2 2 2 2
4" (x7 +x,) (x5 +x) s (g, +x)(x, +x,) 21
*
Ad. Ifx, %0, .., X1 € Z;n e N jxixs - ... «X,+1 =1 then find xy, x», ..., X2,+1 So that:
|x1 *xz| = |x27x3| = ... = |x2n*x2n+1| = |x2n+l *x1|-

9 9
A.5. Prove that: (1+£) +(1+£j >1024.
e T

1
A.6. Ifx,y € Z; x| £ 11; |y} £ 100, prove that: ‘x 5 +y\/ﬂ>§.

A7.Ifx, y, z € (0, o) prove that:
X 4 y L z < xty+tz
(I+x)y (A+x+y) (I+x+y+z) l+x+y+z

A.8. Prove that, for any x, y, z € (0, ).

2.2 2.2 2x2
X4y + 2 tayz(ey +yz+xz) > 8 ny/;2+xy\/;2+Z \/;2 .
(z+y) (x+y) (z2+x)
A.9. Prove that, for any x, y, z € (0, ).
2 2 2
CHP A+ tx+y+z> 4[ Yy ryE o Ex j
X+y y+z z+x

A.10. Prove that in triangle 4BC the following relation is valid:

zmsﬁzm.
11 1) _81

AL Ifa, b, c € [2,4] then: (a+ b+ C)(_+Z+_j<?

a C
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A.12. Solve the system for real numbers:

x+1
%=\

x;+1
=475
—————— ;neN;n>3

x2, +1
X, = 5

x+1
=475

A.13. Prove that if a, b, ¢ € (0, ©), abc = 1, then:
a(B*+c)+ (@ +b)+ b (F+a)>6.
Generalization: Prove that if a, b, ¢ € (0, ), ab¢ = x then:
A+ 0)+ @+ b)+ B +a) > x@x —x—1).
A.14. Prove that if x, y, z € [1, o) then:
Z(x+y)\/; <Xy + yz+zx.

A.15. Find the natural numbers (integers) a, b, ¢ so that:
(1 +be)(1 +ac) +ba)=(1+a)(l+b)]+c)
A.16. Prove that for any a, b, ¢ € (0, ©); a= b #c # a.

z[a+ji’;—zﬁj<2|a—b|

cye cye

3
A.17. Prove that, if ] Sx<y<z< 5 then:

X+t )V3=2z +(+2)V3-2x +(z+x)J3-2y <2xy+yz+x2).
(x+y)(1+2)=20

A.18. Determine x, y, z € (0, ) so that:
xyz =25

A.19.1f a, b, ¢ € (0, ) then:
Z(a+%j[l+ﬂjcz4(a+b+c).
a b

A.20. If m € N; m > 2; m— fixed and x, y, z € (0, ), find the minimum of the sum

s=3 X

(my + z)(mz + y)'
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